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Abstract. Vertical mixed-use development is a favourite choice in urban development in high-density Asian cities to in-
crease the land use efficiency. The flexibility of construction timing and the restrictions by lease contracts in vertical mixed-
use projects are usually different from horizontal ones and single-use properties. To improve the valuation for vertical 
mixed-use projects, this study re-examines the real option pricing model. Simultaneous development for different uses 
and a finite maximum waiting period are the major characteristics of these projects. An approach is introduced to deter-
mine whether to develop a mixed-use project vertically or horizontally on the basis of a statistics called the critical height 
premium. The vertical mixed-use project pricing model can be further verified by containing a height premium if market 
price information is derived from non-vertical mixed-use properties. This study suggests a more comprehensive real option 
approach to quantify the advantages and disadvantages of operating vertical mixed-use developments.
Keywords: vertical, mixed-use development, real option, height premium.
Introduction
Mixed-use development is an efficient option to achieve 
sustainable development in metropolitan areas, where the 
high population density requires great efficiency in urban 
land use (Walker, 1997). A successful mixed-use develop-
ment is believed to enhance mixed property values, reduce 
the investment risk by diversification, improve energy ef-
ficiency, alleviate traffic congestion, increase residents and 
tenants’ satisfaction, integrate public uses and increase the 
municipal revenues (Rabianski et al., 2009; Rowley, 1996; 
Planning Department, 2002; Walker, 1997). As a feasible so-
lution to achieve sustainable development, it is also adopted 
as a pattern of redevelopment in the old town district.
The term “mixed-use development” usually refers to 
the horizontal dimension or mixed-use form-based zon-
ing. The planning department incorporates different kinds 
of land use within the same administrative district. On the 
one hand, the commercial zone and the residential zone 
are planned in the same district. Thus, some residents can 
shorten their travel time to work. A comprehensive dis-
trict with both retail properties and residential properties 
can increase the accessibility and then the attractiveness of 
both types of properties. On the other hand, some zones 
are assigned as flexible land use. In these zones, the de-
veloper can predetermine the actual proportions of dif-
ferent types of land use on the basis of the market envi-
ronment. For example, the comprehensive development 
area and commercial/residential zone in Hong Kong, the 
white site and the business park-white site in Singapore 
have been representatives of flexible land use zoning since 
1995. Mixed-use development is majorly applied in ur-
ban renewal programmes or high-density cities in Europe. 
In the U.S., this concept is combined with new types of 
urbanisation, such as smart growth and neotraditional 
neighbourhoods (Rabianski et  al., 2009). Battery Park 
City in New York and Yebisu Garden Place in Tokyo are 
two representatives of horizontal mixed-use development 
(Cybriwsky, 1999). Commercial, recreational, retail and 
residential properties are included in these comprehensive 
development zones.
In several Asian cities, population pressure encourag-
es the appearance of large-scale mixed-use developments 
(Lau et al., 2003), including plenty of vertical mixed-use 
buildings. For example, Hong Kong and Singapore, two 
Asian metropolitan areas, have planned and built high-
rise mixed-use properties for more than 30 years (Zhang, 
2000). The integrated “rail-property” development model 
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in Hong Kong has successfully obtained the objective to 
finance the subway construction and operation cost. Over 
10 multiple intensive land use (MILU) developments were 
constructed along the mass transit railway (MTR) upon 
the MTR stations. For retail and residential mixed proper-
ties, Mei Foo Sun Chuen, Metro City and Whampoa Gar-
den are famous large-scale vertical mixed-use estates. As 
one of the vertical mixed-use designs, the podium style 
is accepted to combine a multi-level shopping mall with 
separate residential buildings and a green public space 
at the top of the shopping mall, which is called the “po-
dium”. Additionally, the heights of the podiums in nearby 
buildings are usually the same. Then, the passenger can 
cross the road though the bridge between two buildings. 
This structure can also be found in Shanghai, Singapore 
and Tokyo (Zhu & Chiu, 2011). In Singapore, the Guoco 
Tower and South Beach are two new complex properties, 
comprising offices, hotels, retail spaces and luxury resi-
dential units. They contribute to the efficient use of com-
mon resources and are becoming new landmarks in the 
central business district (Jones Lang LaSalle, 2017). These 
vertical mixed-use properties can also attract more rent-
ers, residents and customers and increase public space. 
Hence, they play an important role in urban revitalisation.
To achieve the synthesised goals in the mixed-use de-
velopment, comprehensive analyses should be conducted 
in advance. The demand of potential customers, the sat-
isfaction of local residents and tenants, the support of 
public transportation facilities to manage high passenger 
flow, the sense of community, the financial profitability 
and the environmentally friendly issues are included in 
these analyses (Rabianski et al., 2009). Although the suc-
cessful performances of mixed-use development have 
been supported in empirical studies (Bookout, 1992; Lev-
ine & Frank, 2007; Frank & Pivo, 1994; Kockelman, 1997; 
Nasar & Julian, 1995; Geoghegan et al., 1997), mixed-use 
developments, especially vertical cases, require higher 
construction cost than single-use ones (Koch, 2004; Ket-
tler, 2005).
This study contributes to the pricing for vertical 
mixed-use developments. They have two characteristics 
that are different from horizontal developments in the 
past research about real options. Firstly, properties in dif-
ferent uses have to be constructed at the same time. The 
developer would not rent out the retail units in the po-
dium structure when the above residential buildings are 
still in construction. Secondly, the project is bounded by 
a land lease, with pre-determined building covenants and 
a finite period to complete the construction. Hence, a fi-
nite American basket option model written on two assets 
should be adopted.
This study will conduct a comprehensive literature 
review about the mixed-use development pricing ap-
proaches, especially the real option method in Section 1. 
Section 2 will present the main pricing model adopted by 
the authors to measure the values of vertical and horizon-
tal types when the total building area is fixed. Besides a 
discussion about the influential factors on option values 
and expected exercise timing in Section 3, this section will 
also focus on the height premium in vertical mixed-use 
projects and provide an economic criteria to determine 
whether to develop horizontally or vertically. A summa-
risation of the major findings will be generalised in the 
last section.
1. Literature review
The price effects on nearby properties from mixed-use de-
velopments have been discussed in several studies. Positive 
premiums of single-family homes are found in Kentland 
where a residential and retail mixed-use community has 
been developed (Tu & Eppli, 1999). The existence of simi-
lar premiums is also proven in Tucson (Van Cao & Cory, 
1982) and Portland, Oregon (Song & Knaap, 2004). Office 
tenants also accept higher rents for locating into mixed-
use developments because of a diversity of commercial 
activities (Vreeker et al., 2004; Liusman et al., 2017). How-
ever, Crafts (1998) did not find significant effects from a 
neighbouring shopping centre in New Hampshire. Some 
studies have even captured the negative residential price 
effect from a close commercial region (Mahan et al., 2000; 
Matthews & Turnbull, 2007). Although the impacts on 
prices are conflicting in different studies, the popularity 
of mixed-use developments in recent decades is still veri-
fied (Rabianski et al., 2009). The developer continues to 
improve the accuracy in project pricing models.
At present, major approaches to value mixed-use pro-
jects are similar to single-use projects. Rabianski et  al. 
(2009) summarised the value considerations in mixed-
use developments in the traditional methods, including 
the sales comparison approach, the cost approach and the 
income approach (Ventolo & Williams, 2005; Fisher & 
Martin, 2007). These traditional approaches assume that 
the construction process starts immediately and that the 
income/sales revenue is generated when the construction 
is finished. The potential profit when delaying the con-
struction is usually ignored.
The difficulty to operate empirical studies on mixed-
use development value is attributed to the ambiguity of the 
data, e.g. the heterogeneity of different projects, ambigu-
ous classification for multi-phase projects and ambiguous 
classification for some vertical mixed-use buildings where 
only the ground floor is for retail use (DeLisle & Grissom, 
2013).
Capozza and Li (1994) discussed the one-time land 
conversion option from one use to another. They showed 
how the land rents for both uses influence the conver-
sion time and development density. Then, Geltner et  al. 
(1996) applied the real option approach to investigate the 
optimal decision in a mixed-use development. This de-
velopment contained two alternative land uses. The land 
value was generated as a function of two underlying assets, 
with the optimal decision to build a property in only one 
selected use. The land use choice was found to delay the 
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development compared with single-use land. If two alter-
native land uses had the same value, the optimal decision 
prevents the land from being developed.
Childs et  al. (1996) extended the conclusions from 
these two studies (Capozza & Li, 1994; Geltner et al., 1996) 
to multi-conversion redevelopment cases. In the research, 
properties for two uses had already existed on the land. 
The redevelopment aimed to switch the proportion of land 
from use 1 to use 2 (or from use 2 to use 1) to optimise the 
land revenue on the basis of two market prices. The au-
thors proved that the “all or nothing” strategy in previous 
studies was only applicable under the constant marginal 
revenues to scale assumptions. If the marginal revenues to 
scale were declining, equal values for two alternative uses 
might not delay the development.
Hughen and Read (2017) summarised the option pric-
ing process in the form-based zoning structure, which is 
a mixed-use development including residential and com-
mercial areas. At the beginning of development, the de-
veloper solves the optimisation problem to determine the 
optimal proportion for each use. Linear programming ap-
proach is suggested in this step (Addae-Dapaah, 2005). 
After the construction, the developer has a conversion 
chance to change a proportion of properties from use 1 
into use 2 (or change a proportion of properties from use 
2 into use 1) on the basis of the new market information. 
This option is additional and can be priced from the mod-
el suggested by Childs et al. (1996). Although form-based 
zoning encourages mixed-use development, the developer 
would only determine to build mixed-use properties for 
three reasons: the conversion option is permitted, con-
struction costs are low enough, and revenues are signifi-
cantly sensitive to residential or commercial supply. The 
importance of conversion option is emphasised in Hughen 
and Read’s study.
Previous research has focused on the proportion 
changes between different uses in a mixed-use project. 
However, these discussions may not be applicable to all 
kinds of mixed-use developments. Hoppenbrouwer and 
Louw (2005) pointed out that in a spatial aspect, mixed-
use projects should be divided into horizontal and verti-
cal development. The major difference between horizontal 
and vertical is whether the multiple uses are located in the 
same building or just separated on the ground.
Numerous mixed-use projects in Europe and the U.S. 
are planned horizontally to ensure the flexibility of the 
construction process. The conversion opportunity in the 
mixed-use project usually exists in this horizontal type 
and allows the developer to alter the use in some com-
pleted buildings. However, in Asian cities, such as Hong 
Kong, Tokyo, Singapore and Shanghai, the high popu-
lation pressure urges the government to support MILU 
developments (Zhu & Chiu, 2011). Different uses, e.g. 
residential units, retail units, public transportation facili-
ties and carparks, are usually vertically distributed within 
these MILU developments.
Traditional pricing methods, such as the sales com-
parison approach, the cost approach and the income ap-
proach, are still widely accepted in the empirical valua-
tions of vertical developments (Rabianski et al., 2009). In 
these methods, the project values of horizontal develop-
ments should have small differences from those of vertical 
developments. The cost of vertical developments should 
be larger for some special designs to satisfy the needs and 
safety conditions of different uses in the building struc-
ture. The higher income of vertical developments should 
be based on the higher value of the residential/office use 
units on higher floors, as the maximum plot ratio of each 
use is bounded.
Existing option pricing models are more suitable 
for horizontal mixed-use projects (Capozza & Li, 1994; 
Geltner et  al., 1996; Childs et  al., 1996; Addae-Dapaah, 
2005; Hughen & Read, 2017). However, the conversion of 
uses in the vertical type is usually difficult. This challenge 
comes from the simultaneous construction of the vertical 
mixed-use building. Different parts of this building have 
to follow the construction codes for specific uses. In other 
words, when the construction process starts, the propor-
tion for each use should be determined and approved by 
the government. However, buildings in horizontal mixed-
use programmes can be built separately. This ability to 
construct separately indicates that the developer still has 
a chance to reconsider the use for the latter one to be built 
even if the former structure is completed.
Besides the option pricing model for vertical mixed-
use developments, this study will also compare the option 
value between vertical and horizontal mixed-use devel-
opments. In large cities, most mixed-use development 
programmes are restricted by the land lease, and some 
programmes are required to be developed vertically only. 
However, the comparison between two types of develop-
ments still makes sense. Firstly, before the acquisition of 
land, the developer can compare the real option value 
when the programme can be developed vertically or hori-
zontally, and the option value when this programme can 
only be developed vertically. If the difference between two 
values is large enough, the developer can consider paying 
for an additional cost to change the land lease if possible. 
Second, if a project is not profitable enough when it is 
vertically developed, no developer will accept the project, 
and the restriction in the land lease may be loosened after 
a long period. Hence, the comparison between option val-
ues in the two types can increase the developer’s choices 
before the acceptance of the development programme. 
Additionally, this comparison can emphasise the differ-
ences in the valuation process for the two types.
This study will examine how potential factors influ-
ence the option value and the expected starting time. 
Then, a comparison between vertical type and horizontal 
type will be conducted in the valuation aspect to deter-
mine the critical value to adopt vertical type or horizontal 
type in the planning stage.
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cal expansion. Hence, the existing project is difficult to be 
expanded when residential units are included in the initial 
design. The expansion of vertical mixed-use development 
can be embedded into the model in future studies.
Notably, when the lease contract comes into effect, the 
developer will be delivered the vacant land instead of an 
old property to be demolished. Hence, it is a one-phase 
redevelopment project. To maximise the profit, the devel-
oper tends to maximise the difference between property 
market prices and construction cost during the required 
construction period, i.e.:
( ) ( ) ( ) ( )( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
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;
( )0 ,t T≤ ≤  (1)
where: C represents the other fixed costs dur-
ing the construction process that are independ-
ent of the construction floor area (CFA). A1 and 
A2 are the CFA of Type 1 and Type 2. The term 
( ) ( ) ( ) ( )( )1 2 1 2, , ,r te E V S t t S t t K t t K t t− ∆  + ∆ + ∆ + ∆ + ∆   
stands for the present value of this option if it is not exer-
cised at time t. r is the risk-free interest rate.
As a boundary condition, the option value at the end 
of the maximum construction period is
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  (2)
where: T is the maximum exercise period. This real op-
tion is an American finite-time call option written on 
multiple assets. The analytical solution does not exist. In-
stead, numerical simulation results can be generated from 
the Monte Carlo approach. In this study, the least square 
Monte Carlo (LSMC) method suggested by Longstaff and 
Schwartz (2001) is adopted, with an extension of multi-
asset scenarios.
2.2. Least square Monte Carlo method
Longstaff and Schwartz (2001) derived an approach to 
find the value of an American finite-time option based 
on the optimal exercise strategy. The LSMC approach is 
available on American put options or American call op-
tions with dividends. If we select the cost of carrying the 
underlying real asset as the asset drift rate, the yield rate of 
developed properties is equivalent to the dividend in a fi-
nancial American option (Merton, 1973; Yao & Pretorius, 
2014). Hence, the LSMC approach is applicable to this real 
option based on a revision of Hoyle’s algorithm (2016).
2. Real option model for vertical mixed-use 
development
2.1. Basic model
A vertical mixed-use development project consists of dif-
ferent types of land use within one building. This type of 
development usually follows a predetermined lease con-
tract. In other words, the maximum development period 
is constrained by the lease contract. The real option for 
this project is demonstrated as a finite-time American call 
option.
For instance, in a simple case, only two types of land 
use exist in a vertical mixed-use development project. 
They are denoted as Type 1 and Type 2. The respective 
unit market prices are S1(t) and S2(t). In addition, the re-
spective unit construction costs are K1(t) and K2(t). For 
the unit market prices, they are assumed to follow the 
geometric Brownian motions:
( )1 1 1 1 1 1S S SdS t S dt S dZ= ν + σ ;
( )2 2 2 2 2 2S S SdS t S dt S dZ= ν + σ ;
( )1 2 1 2,S S S SCov Z Z = ρσ σ .
The covariance assumption is a common mathemati-
cal assumption to enlarge the application range of the real 
option. In real estate development, a nearby retail prop-
erty can usually promote the market price of residential 
properties (Shen et al., 2020; Wilhelmsson & Long, 2020; 
Zhang et  al., 2019). High-rise residential buildings can 
also provide sufficient customers for retail properties. 
Hence, the market prices between properties in different 
uses should not be independent from each other. Com-
pared with the market price, the fluctuation of construc-
tion cost is much smaller. Supposing that the construction 
costs increase at a constant annual rate:
( )1 1 1dK t K dt= µ ,
( )2 2 2dK t K dt= µ .
The appreciation rates of these two construction costs 
should not be equal to zero at the same time. If 1 2 0µ = µ = , 
the construction costs are maintained at a constant level. 
Then, the optimal strategy is to start the construction until 
the end of the maximum exercise period. The finite-time 
American call option has the same value and the same 
strategy as a European call option with identical param-
eters. Similarly, 1 0µ <  or 2 0µ <  indicates the delay of de-
velopment. Here, both m1 and m2 are assumed as positive.
This study focuses on the development programme 
without the vertical expansion option. In other words, 
the different kinds of properties within the project are 
designed and completed in a single construction process. 
Although the vertical expansion option is more profitable 
for commercial mixed-use development in some actual 
scenarios (Guma et  al., 2009; Pearson & Wittels, 2008), 
these scenarios usually do not contain the residential units 
for sale in the project. When residential units are sold to 
purchasers, they can live in these units for decades. The 
developer cannot ask the residents to move out for verti-
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A necessary adjustment to the traditional LSMC ap-
proach is the multi-asset background in a vertical mixed-
use development. Longstaff and Schwartz (2001) suggest-
ed the Laguerre polynomials as basis functions in the least 
squares regression in the single-asset case. However, the 
cross items between different assets should be included as 
basis functions in the multi-asset case. As Glasserman and 
Yu (2004) discussed for the required number of paths and 
the number of basis functions in LSMC estimation, the 
degrees of monomials for each asset is constrained as no 
more than two (Abbas-Turki & Lapeyre, 2009). To mini-
mise the underestimation amount of the LSMC approach, 
we adopt the set of basis functions suggested by Coskan 
(2008), e.g.
2 2 2 2 2 2
1 2 1 2 1 2 1 2 1 2 1 21, , , , , , , , .S S S S S S S S S S S S
In each monomial, the degrees of S1 and S2 can be 0, 1 
or 2. The number of basis functions is 32 in the two-asset 
case and 33 in the three-asset case. This approach is avail-
able to the cases when the uses in a single building are no 
more than three different types. In some special projects 
when the uses are more than three, other advanced basis 
functions should be adopted, such as Laguerre, Hermite, 
Hyperbolic and Chebyshev polynomials.
2.3. Market information
To identify different types of properties in the mixed-
use development, a preliminary study was conducted on 
residential and retail property markets in Hong Kong. 
This study finds some characteristics of these two mar-
kets, such as current prices, price volatilities, rental yields, 
construction costs and market correlation. The data come 
from the Rating and Valuation Department, the Buildings 
Department, the Census and Statistics Department and 
the Government Bond Programme in Hong Kong. Some 
commercial information also refers to the Arcadis Con-
struction Cost Handbook in 2018 (Arcadis, 2018). These 
market characteristics are summarised in Table 1.
To investigate the option model in more common 
scenarios worldwide, the risk-free interest rate and the 
construction cost are set higher in the simulations to 
avoid the immediate exercise of the redevelopment op-
tion. The irregular high volatility of the retail market is 
reduced. The total gross floor area (GFA) of this develop-
ment is assumed as the same as that of the Kung Tong 
Town Centre Project (https://www.ura.org.hk/en/project/
redevelopment/kwun-tong-town-centre-project). Only the 
residential use and the commercial/retail of the project are 
included in this simulation.
3. Vertical development and horizontal 
development
3.1. Basic assumptions
As mentioned in the literature review, the horizontal type 
of mixed-use projects is more common in urban planning. 
In the planning stage, the developer may face a problem 
in selecting between these two types. This dilemma can be 
investigated in the aspects of social need, building design 
and environment. In this study, we will only apply the real 
option approach to find the more profitable type in the 
economic aspect.
To transfer real projects into real option scenarios, sev-
eral assumptions need to be made to compare the project 
costs and revenues.
Assumption 1. The GFA and the CFA for both uses in 
the vertical type are equal to those in the horizontal type. 
The construction cost per square metre of the CFA (and 
then the GFA) for the lower structure in the vertical type 
is also equal to that in the same use in the horizontal type. 
For the upper structure in the vertical type, the construc-
tion cost is separated into two parts. One is equal to the 
construction cost in the same use in the horizontal type. 
The other one is the additional cost for a high-rise vertical 
structure, which is a function of the construction cost in 
the same use in the horizontal type.
This assumption firstly excludes the difference in the 
GFA and the CFA before the comparison. The construc-
tion cost per square metre of the CFA is transferred into 
the cost per square metre of the GFA before the applica-
tion of real option models. In the actual valuation, an ad-
ditional cost is included in the vertical project valuation, 
as the building design of the vertical one is usually more 
complicated than that of the horizontal one. This addi-
tional cost is further discussed in Section 3.3.
Assumption 2. The advantage of the horizontal type 
comes from the higher flexibility in the construction tim-
ing for separate buildings in different uses.
This feature is the major difference between the real 
option approach and other valuation methods (e.g. the 
sales comparison approach, the cost approach and the in-
come approach). The value of the optimal construction 
timing is emphasised in the real option approach.
In the horizontal development, the two different uses 
are separated in two buildings, and their construction 
Table 1. The characteristics of Hong Kong property markets
Parameters Values
Risk-free interest rate 1.75% p.a.
Rental yield for residential properties 3.73% p.a.
Rental yield for retail properties 4.73% p.a.
HKD prime rate 5.00% p.a.
Volatility of residential properties (v1) 13.16% p.a.
Volatility of retail properties (v2) 41.91% p.a.
Residential unit price (per sq.m.) 126679 HKD
Retail unit price (per sq.m.) (based on 
transaction data)
363328 HKD
Residential unit cost (per sq.m.) 26650 HKD
Retail unit cost (per sq.m.) 35650 HKD
Increase rate of construction cost 4.35% p.a.
Note: The retail unit price is estimated based on the monthly retail rent.
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timings can be different. Although the construction pro-
cess of the latter building may have negative externality 
on the former completed one, this externality is only tem-
porary and can even be excluded when the construction 
period is assumed to be very short. In the vertical develop-
ment, however, these two uses have to be built and sold 
jointly. In other words, the developer can construct the 
two buildings with different uses at their separate opti-
mal timings in the horizontal development. Meanwhile, 
the vertical mixed-use building only has a single optimal 
chance for construction.
The presales process can change the precondition that 
the retail units and residential units should be sold after 
the completion of the whole mixed-use development pro-
gramme. In detail, the retail units will not be presold. The 
residential units can be presold when the building pro-
gress of the whole project has achieved several required 
conditions, such as the percentage of completion and 
the maximum term of delivery. These requirements are 
adopted to protect potential residents. However, the resi-
dential units in the horizontal mixed-use development can 
also be presold when the building progress of residential 
buildings has achieved the requirements. Whether the re-
tail units are completed does not influence the presales 
of the residential units in horizontal mixed-use develop-
ment. Hence, the presales timing of residential units in 
the horizontal type is still more flexible than that in the 
vertical type.
In each decision period, the option value of the whole 
horizontal mixed-use project is:
( ) ( )( ) ( ) ( )( )1 1 2 2, ,V S t K t V S t K t+ =
( ) ( )
( ) ( )( )
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At the same period, the option value of the whole ver-
tical mixed-use project is:
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As the inequality of maximum is always held:
( ) ( ) ( )Max A B Max A Max B+ ≤ + .
We have
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Max S t A S t A K t A K t A C
Max S t A S t A K t A K t A
Max S t A K t A Max S t A K t A
 ⋅ + ⋅ − ⋅ − ⋅ − ≤ 
 ⋅ + ⋅ − ⋅ − ⋅ ≤ 
   ⋅ − ⋅ + ⋅ − ⋅   
( )0 t T≤ ≤ ,
and then
( ) ( ) ( ) ( )( ){ }1 2 1 2, , ,r tMax e E V S t t S t t K t t K t t− ∆  + ∆ + ∆ + ∆ + ∆ ≤ 
( ) ( )( ){ }1 1,r tMax e E V S t t K t t− ∆  + ∆ + ∆ + 
( ) ( )( ){ }2 2,r tMax e E V S t t K t t− ∆  + ∆ + ∆  .
Hence,
( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )
1 2 1 2 1 1
2 2
, , , ,
, .
V S t S t K t K t V S t K t
V S t K t
≤ +
The above proof explains the advantage of horizontal 
projects when the developer can select the optimal timing 
to start the construction.
Assumption 3. The advantage of the vertical type comes 
from the higher market value of the upper structure for a 
different use than the value of the separated building for 
the same use in the horizontal type.
This assumption excludes the case in which the hori-
zontal mixed-use development is unavailable. That is, the 
land size is too small to build two separate buildings under 
the building regulations. Moreover, the vertical develop-
ment can increase the height of the upper structure whose 
use is different from the lower structure. This feature can 
significantly increase the value of the upper structure es-
pecially when it is for residential use.
Several empirical studies and interviews have proven 
that the residents’ preference of higher floors exists in the 
apartment type of residential housing (Mok et al., 1995; 
Bao & Wan, 2004; Lai et al., 2007; Choy et al., 2007; Hui 
et  al., 2007, 2012; Jim & Chen, 2009, 2010; Xiao et  al., 
2019). Among these reasons are better scenic views, less 
disturbance from the street and less influence from air and 
noise pollution in the higher floor units.
To reduce the value loss in the lower residential units, 
the podium model has been promoted since the 1980s. 
The lower structure, i.e. the podium, is for retail use. Be-
ing located in the lower floors is usually not viewed as a 
disadvantage for the shops. The upper structure is usually 
a residential building on the podium. This arrangement 
increases the height of the residential building, especially 
for the lower floor units. The podium works as an arti-
ficial ground floor for the residential buildings over the 
commercial part. As a result, the market value of the resi-
dential building is expected to be higher in the vertical 
development than in the horizontal one. Even the units on 
the second floor of these buildings are significantly away 
from the real streets (Lau & Zhang, 2015).
Assumption 4. The height premium of the upper struc-
ture in the vertical development is based on the hedonic 
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pricing model, which is compared with the separate build-
ing for the same use in the horizontal development.
To make the two types of developments more com-
parable, the upper structure in the vertical project is as-
sumed to have the same design as a separate building for 
the same use in the horizontal project. This case can be 
extended to multiple residential buildings located around 
the top of the podium when the horizontal development 
also contains multiple residential buildings. Notably, not 
all the space on the top of the podium is used for the up-
per structure.
3.2. Model descriptions
We suppose that the height of the podium is equivalent to 
the height of X floors in the residential building. For ex-
ample, the height of the podium in Hong Kong is usually 
15 metres. According to the Building (Planning) Regula-
tions (Cap. 123, section 38), the minimum height in each 
storey should be 2.5 m. Then, X = 6 in this case. Hence, 
the value of a residential unit on the N floor in the vertical 
development is equal to the value of a residential unit on 
the N + X floor in the horizontal one when other structur-
al attributes are kept consistent. According to the hedonic 
pricing model (Rosen, 1974), the relationship among the 
property value (P), the floor number (N) and the other 
potential attributes (A) is:
LnP N A= α× +β× ,
or
N AP e eα⋅ β⋅= ⋅ ,
where: a is the coefficient of the floor on property value, 
and b is the coefficient vector which measures the effects 
of other attributes A on the property value.
We denote the value of a residential unit on the N floor 
in the vertical development as P1 and the value of another 
unit on the N floor in the horizontal development as P2. 
Then,
1 2
XP e Pα⋅= ⋅
when the other attributes are equal.
We denote the unit market price of the residential part 
in the vertical project as S1(t) and the unit price of the 
retail/commercial part as S2(t). Then, based on Assump-
tions 1 and 4, the unit price of a residential building in the 
horizontal project is ( )1 XS t e−α×× . The unit price of com-
mercial building is still S2(t), as the commercial building 
value is not sensitive to the building height.
Then, the total value of the vertical development 
should be
( ) ( ) ( ) ( )( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
1 2 1 2
1 1 2 2









V S t S t K t K t
S t A S t A
Max K t A K t A
S t t S t t
e E V





 ⋅ + ⋅ −
  ⋅ − ⋅ 
   + ∆ + ∆     + ∆ + ∆     
( )0 ,t T≤ ≤  (3)
where: K1(t) and K2(t) are the average construction cost in 
the residential and retail parts of this mixed-use develop-
ment, respectively.
The total value of the horizontal development becomes
( ) ( )( ) ( ) ( )( )1 1 2 2, ,V S t K t V S t K t+ =
( )
( )









S t e A
Max K t A C
e E V S t t K t t
−α×
− ∆
 ⋅ ⋅ −  ⋅ + + 
  + ∆ + ∆   
( ) ( )
( ) ( )( )





S t A K t A
Max
e E V S t t K t t− ∆
 ⋅ − ⋅ 
  + ∆ + ∆   
 (4)
where: C stands for the additional construction cost in 
the vertical development compared with the horizontal 
one. The other symbols are the same as those in previous 
discussions. Xe−α×  is the height premium term. If S1(t), 
K1(t) are based on the market price of the horizontal de-
velopment, the option value of the vertical types should 
be written as:
( ) ( ) ( ) ( )( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
1 2 1 2
1 1 2 2










V S t S t K t K t
S t e A S t A
Max K t A K t A
S t t S t t
C e E V






 ⋅ ⋅ + ⋅ −
  ⋅ − ⋅ − 
   + ∆ + ∆     + ∆ + ∆     
( )0 .t T≤ ≤  (5)
In the following discussion, Formulas (3) and (4) are 
applied.
The hurdle value of Xe−α×  does not have an analyti-
cal solution. However, we can estimate it from the Monte 
Carlo simulations in the following procedures:
Step 1. Estimate the option values of ( ) ( ) ( ) ( )( )1 2 1 2, , ,V S t S t K t K t
( ) ( ) ( ) ( )( )1 2 1 2, , ,V S t S t K t K t , ( ) ( )( )1 1,V S t K t  and ( ) ( )( )2 2,V S t K t .
Step 2. Calculate the hurdle value of ( ) ( )( )1 1,V S t K t  
if the equation ( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 2 1 2 1 1 2 2, , , , ,V S t S t K t K t V S t K t V S t K t= +
( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 2 1 2 1 1 2 2, , , , ,V S t S t K t K t V S t K t V S t K t= + is satisfied. Then, denote the 
value as ( ) ( )( )1 1ˆ ,V S t K t .
Step 3. On the basis of the ratio ( ) ( )( ) ( ) ( )( )1 1 1 1, / ,ˆV S t K t V S t K t
( ) ( )( ) ( ) ( )( )1 1 1 1, / ,ˆV S t K t V S t K t , substitute the value
( ) ( )( )





V S t K t





into Xeα×  and estimate the new option value 
of ( ) ( )( )1 1,V S t K t . Denote this option value as 
( ) ( )( )1 1,V S t K t .
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Step 4. Compare ( ) ( )( )1 1,V S t K t  and ( ) ( )( )1 1,V S t K t . 
If ( ) ( )( ) ( ) ( )( )1 1 1 1, ,ˆV S t K t V S t K t> , increase the value 
of Xeα×  and replace the value of ( ) ( )( )1 1,V S t K t . If 
( ) ( )( ) ( ) ( )( )1 1 1 1, ,ˆV S t K t V S t K t< , decrease the value of 
Xeα×  and replace the value of ( ) ( )( )1 1,V S t K t .
Step 5. Repeat Step 4 until the difference between 
( ) ( )( )1 1,V S t K t  and ( ) ( )( )1 1ˆ ,V S t K t  is small enough.
In the actual comparison, the estimation of the option 
value by Monte Carlo simulations may have small varia-
tions when the sample paths change. The value of Xe−α×  
cannot change continuously, either. In this study, we cal-
culate two values on the basis of ( ) ( )( )1 1ˆ ,V S t K t .
( ) ( )( ) ( ) ( )( )1 1 1 1 1.ˆ ˆ, 99 5% ,V S t K t V S t K t= × ,
( ) ( )( ) ( ) ( )( )2 1 1 1 10ˆ ˆ, 10 .5% ,V S t K t V S t K t= × .
When estimating ( ) ( )( )1 1, | XV S t K t eα× , the value of 
Xeα×  changes at a minimum scale of 0.1%. A maximum 
a1 exists, which satisfies
( ) ( )( ) ( ) ( )( )11 1 2 1 1ˆ, | ,XV S t K t e V S t K tα × > .
For any a smaller than a1, ( ) ( )( )  ( ) ( )( )1 1 2 1 1, | ,XV S t K t e V S t K tα× >  
( ) ( )( ) ( ) ( )( )1 1 2 1 1ˆ, | ,XV S t K t e V S t K tα× > . Then, the value of the horizontal project 
is larger than that of the vertical project:
( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
1 1 2 2





XV S t K t e V S t K t




( ) ( ) ( ) ( )( )1 2 1 2, , ,V S t S t K t K t .
This value indicates that when the height premium is 
smaller, the horizontal type is more economically profitable.
Similarly, a minimum a2, which satisfies
( ) ( )( )  ( ) ( )( )21 1 1 1 1, | ,XV S t K t e V S t K tα × < ,
is another critical value.
For any a larger than a2, ( ) ( )( )  ( ) ( )( )1 1 1 1 1, | ,XV S t K t e V S t K tα× <  ( ) ( )( ) ( ) ( )( )1 1 1 1 1ˆ, | ,XV S t K t e V S t K tα× < . The value of the vertical project is larger.
( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
1 1 2 2





XV S t K t e V S t K t




( ) ( ) ( ) ( )( )1 2 1 2 , , ,V S t S t K t K t .
A large height premium encourages the developer to 
select the vertical type.
3.3. Further discussions about the additional 
construction cost C
In the main model, the difference in the construction cost 
between the vertical and horizontal types, C, is assumed 
to be a fixed cost. This cost is an estimated total based 
on the average construction cost in the previous projects. 
If the developer wants to estimate the construction cost 
more accurately, the construction cost can be a function 
of the floor number.
If the construction cost is a linear function of the floor 
number, then we suppose that the estimated coefficient of 
the linear term is g. Assuming that the building area in 
each floor is the same, then the building area in each floor 
is A1 / n for a building with n floors. The average construc-
tion cost K1(t) is the construction cost in the middle floor. 
Then,





C K t X K t X A
n=
= ⋅ γ ⋅ ⋅ = ⋅ γ ⋅ ⋅∑ .
Notably, the sum of construction in floor ( / 2 jn − ) 
and floor ( / 2 jn + ) is only ( )12K t .
The case of the quadratic function is more complicat-
ed. For a high-rise building, 0C >  is still satisfied. Moreo-
ver, ( ) ( )1 1S t K t>  is expected. ( )1stK t  denotes the aver-
age construction cost of the first floor. Then,
( ) ( ) ( ) 21 1 1 1 2 11st stC K t X A K t n X X A = ⋅ γ ⋅ ⋅ + ⋅ γ ⋅ + + ⋅  ,
where: g1 and g2 are the coefficients of the linear term 
and the quadratic term based on the previous projects. 
( )1stK t  can be derived from K1(t), g1, g2 and n. Other 
parameters are known and fixed except K1(t).
g1, g2, g, n and X are all known constants in a project. 
Then, ( ) ( )( )1 1,V S t K t  is still a call option based on only 
S1(t) and K1(t), as C can be written as a function of K1(t) 
only.
However, both the annual changes in construction 
cost and the range of construction cost in the same pe-
riod are small. According to the Hong Kong Report of 
Quarterly Construction Cost Update in December 2020 
by Rider Levett Bucknall (2020), the structure building 
cost of high-rise residential properties of ordinary quality 
is 14 800–16 100 HKD/m2, which is only a difference of 
10%. The Arcadis Construction Cost Handbook in 2020 
also provides the total construction cost, which is the sum 
of structure building cost and service cost, of high-rise 
apartments of average standard as 23 600–27 300 HKD/m2. 
The structure building cost is 19  700–21  700  HKD/m2, 
which is also a difference of 10%. Meanwhile, the average 
market price of a newly built residential property can vary 
from approximately 200 000 HKD/m2 in Tseung Kwan O 
to approximately 300 000 HKD/m2 in Tsim Sha Tsui. The 
difference is much larger in price than in cost, as the major 
difference comes from the difference in land values.
Additionally, estimating the coefficients of g, g1 and 
g2 requires the construction cost information for a num-
ber of previous projects. The developer can easily achieve 
this information and make a more accurate cost analy-
sis. However, as mentioned above, the estimation of the 
accurate building cost shows little influence on the op-
tion value pricing, as the market price usually has a much 
larger fluctuation than the construction cost. The accurate 
estimation of construction cost can be a further adjust-
ment in the application of this option pricing model and 
will not change the major findings.
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3.4. Simulation results and discussions
To show the impact from the proportion and volatility 
of each use on the critical value, the initial market price 
and construction cost in the alternative horizontal pro-
ject is assumed the same as those in the vertical project 
in Section 2. On the basis of the estimated option values 
of ( ) ( )( )1 1,V S t K t  and ( ) ( )( )2 2,V S t K t , we can achieve 
the hurdle option value ( ) ( )( )1 1ˆ ,V S t K t , the hurdle ratio 
( ) ( )( )







V S t K t





 and the pairs of critical height pre-
mium 1 21, 1X Xe eα × α × − −   for each scenario. Here, the 
form of 1 21, 1X Xe eα × α × − −   is used to show its trend 
compared with the trend of 
( ) ( )( )







V S t K t






the basis of the estimated option values of individual 
buildings in the horizontal project, the trends of these 
three parameters can be observed from Table 2.
The critical height premium is the most important ref-
erence parameter to determine whether to select the verti-
cal type or the horizontal type. If this premium increases, 
a higher height premium is required to comprise the time 
value loss when the buildings for the two uses have to be 
constructed at the same time. Then, the horizontal type is 
more likely to be accepted when this premium is difficult 
to achieve. The hurdle option value and the hurdle ratio 
do not directly influence the developer’s decision. How-
ever, they can provide a better understanding of the trends 
of critical height premium when the volatilities vary.
If the lower boundary is zero, any positive height pre-
mium may discourage the developer to select the hori-
zontal type.
The major findings include:
1. The trends of hurdle option values and the hurdle 
ratio 
( ) ( )( )







V S t K t





 are opposite. The hurdle op-
tion value is positively related to the residential market 
volatility but negatively related to the retail market vola-
tility. Both volatilities increase the total vertical project 
value and the proportion of the related building value in 
the horizontal project. The proportion of the residential 
building value and the total vertical project value are both 
positive factors of the hurdle option value.
However, when the hurdle option value is compared 
with the residential building value, the adverse trend 
becomes significant. In general, high residential market 
volatility reduces the hurdle ratio except when the retail 
market volatility is very low. This phenomenon can be ex-
plained by the comparison between Table 3 and Table 4. 
The option values in the horizontal type and the vertical 
type are generated in these two tables, respectively. The 
total vertical project value rises more slowly than the 
residential/retail building value in the horizontal project 
as the residential/retail market volatility increases. The 
Table 2. The hurdle option value, the hurdle ratio and the critical height premium in different scenarios
Case 1 (original design): GFA1 = 151232 square meter, GFA2 = 209640 square meter




























Case 2: GFA1 = 288698 square meter (80% GFA), GFA2 = 72174 square meter (20% GFA)




























Note: v1 is the volatility of the residential property market price, and v2 is the volatility of the retail property market price. These scenarios are 50%, 
100%, and 150% of the estimated v1 and v2 in Table 1 respectively.
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The inconsistent trend of the critical height premium 
due to the residential market volatility is also related to 
the above inequality. Higher residential market volatility 
not only reduces Xeβ×  but also causes an upward pres-
sure on the residential building value. As mentioned in the 
previous finding, the horizontal project value will increase 
faster than the vertical project value when the volatility 
grows. To ensure that the vertical project is more profit-
able, the critical height premium must increase. Then, this 
premium has a positive relationship with the residential 
market volatility and is also bounded by the hurdle ratio. 
The two opposite effects result in the inconsistent trend of 
the critical height premium.
This finding indicates that the developer will prefer the 
horizontal type if the retail market becomes more vola-
tile. As a high volatility market, the time value of indi-
vidual retail building is difficult to be compensated by the 
critical height premium. Meanwhile, the rapidly changing 
residential market may encourage or discourage the ap-
developer has to start the construction for two uses at the 
same time in the vertical project. Hence, the total vertical 
project value has a lower profit potential than the individ-
ual residential/retail building value when the residential/
retail market becomes more volatile.
2. The critical height premium is bounded by the hur-
dle ratio. This premium increases as the retail market vola-
tility grows. However, it does not have a consistent trend 
as the residential market volatility increases.
The relationship between the critical height premium 
and the hurdle ratio can be explained by the following 
inequality:
( ) ( )
( ) ( ) ( )
1 1 1 1
1 1 1 1
0,
0,   ,
X
X
Max S t e A K t A C
e Max S t A K t A C if
−α×
−β×
 × × − × + < 
 × × − × + α =β 
where 1Xeα× −  is the critical height premium and 
1Xeβ× −  is the hurdle ratio. To turn the above inequality 
into an equation, Xeα×  should decrease. Hence, α <β .
Table 3. The estimated option value for individual buildings in the horizontal development
Case 1 (original design): GFA1 = 151232 square meter, GFA2 = 209640 square meter
v1 = 0.06 v1 = 0.13 v1 = 0.20
( ) ( )( )1 1,V S t K t 7562.47 7636.39 7956.29
v2 = 0.10 v2 = 0.20 v2 = 0.30
( ) ( )( )2 2,V S t K t 23092.92 25625.93 30005.88
Case 2: GFA1 = 288698 square meter (80% GFA), GFA2 = 72174 square meter (20% GFA)
v1 = 0.06 v1 = 0.13 v1 = 0.20
( ) ( )( )1 1,V S t K t 14436.54 14577.65 15188.33
v2 = 0.10 v2 = 0.20 v2 = 0.30
( ) ( )( )2 2,V S t K t 7950.38 8822.44 10330.36
Note: v1 is the volatility of the residential property market price, and v2 is the volatility of the retail property market price. These scenarios are 50%, 
100%, and 150% of the estimated v1 and v2 in Table 1 respectively.
Table 4. The estimated option value for the vertical mixed-use development
Case 1 (original design): GFA1 = 151232 square meter, GFA2 = 209640 square meter
v1 = 0.06 v1 = 0.13 v1 = 0.20
v2 = 0.10 30646.40 30685.17 30739.67
v2 = 0.20 31978.49 32430.36 32957.13
v2 = 0.30 35217.45 35454.99 36368.89
Case 2: GFA1 = 288698 square meter (80% GFA), GFA2 = 72174 square meter (20% GFA)
v1 = 0.06 v1 = 0.13 v1 = 0.20
v2 = 0.10 22380.88 22444.16 22756.89
v2 = 0.20 22445.05 22801.95 23426.48
v2 = 0.30 22562.01 23272.16 24378.43
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plication of the vertical type. We should not make a judge-
ment to accept the horizontal type or the vertical type only 
because of the increase of residential market volatility.
3. When the retail units have a greater total value in 
the vertical project than the residential units, the hurdle 
ratio and the critical premiums are larger. In other words, 
if the retail part is expected to generate the major income 
of the whole project, the mixed-use project is more likely 
to be horizontally developed, as higher critical premiums 
are required. By contrast, if the residential units are the 
major components of the project, the mixed-use project 
should be vertically constructed.
As mentioned, the retail market is not sensitive to the 
building height. The GFA for retail use is not related to 
the critical premium. The higher proportion of the resi-
dential units only leads to greater GFA for residential use. 
This outcome will reduce the critical height premium per 
square metre. In other words, a larger number of residen-
tial units dilute the minimum height premium to make 
the vertical project superior to the horizontal project. 
Hence, the developer prefers vertical mixed-use develop-
ment when a high-rise residential building is included in 
the project.
3.5. The fluctuation of construction cost
According to the Hong Kong Report of Quarterly Con-
struction Cost Update in December 2020 by Rider Lev-
ett Bucknall (2020), the construction cost from 2010 to 
2015 rose by nearly 50% but dropped by 10% from 2016 
to 2020. Arcadis Tender Price Index (Arcadis, 2020) rose 
from 1273 in 2009 Q4 to 1903 in 2014 Q4 and dropped 
to 1800 in 2019 Q4 (Figure 1). In each quarter from 2010 
to 2015, this index rose monotonically. It was flat in 2016 
and decreased monotonically from 2017 to 2019. For com-
parison, the Price Indices for Hong Kong Property Mar-
ket (Rating and Valuation Department, 2020) contains 
more peaks and valleys during this decade. This trend 
explains that the fluctuation of the construction cost is 
much smaller than that of the market price. Although a 
stochastic process for construction cost is a better choice 
in mathematics, it plays a small role in the option pricing 
process in mixed-use development. Moreover, if two sto-
chastic processes of the construction cost are introduced, 
the covariance among four stochastic processes should all 
be included to generate the paths of both prices and costs. 
This inclusion would raise the computational complexity 
in option pricing but may not increase much in the ac-
curacy. Further studies can be conducted to improve this 
option pricing model to include more stochastic processes 
in costs without a significant increase in computational 
complexity.
Conclusions
Mixed-use developments are believed to contribute to 
the efficient land use in high-density cities in the past 
decades. The vertical type of mixed-use development, in 
which multiple uses are vertically distributed within the 
same building structure, has been growing in popular-
ity in some Asian metropolitan areas. However, previous 
option pricing models for mixed-use developments do 
not indeed comply with the characteristics of the vertical 
type. In addition, some construction constraints only ex-
ist in this type. An appropriate theoretical model requires 
some adjustments to measure the flexibility and these con-
straints properly.
This study develops a new option pricing model for 
vertical mixed-use developments, especially for those 
which contain residential units for sale. Properties in 
multiple uses are constructed and delivered to custom-
ers simultaneously, and the maximum exercise time to 












Arcadis tender price index
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develop is usually constrained by the building covenants. 
Compared with real options for horizontal mixed-use de-
velopments, options for the vertical type have the height 
premium, as the upper structure can be sold at a higher 
price. Meanwhile, options for the horizontal type has a 
flexibility premium, as the structures for different uses can 
be constructed at separate timings.
The approach of least square Monte Carlo and monomial 
basic functions are applied to minimise the underestimation 
of this American basket option. This study has also derived 
an important determination method that can select between 
the vertical type and the horizontal type for a higher project 
value. A critical height premium is defined as the height pre-
mium which equals to the flexibility premium. An increas-
ing critical height premium indicates a lower probability to 
develop the property in vertical type. If the lower floors of 
the mixed-use development are for retail use and the upper 
floors are for residential use, then the critical height premium 
has a positive relationship with the retail market volatility but 
has no consistent trend when the residential market volatil-
ity increases. A larger revenue from the retail use indicates 
a higher probability of being horizontally developed. This 
approach also provides a quantitative standard. If the height 
premium in the same district is higher than the critical height 
premium, then the vertical type is economically superior. The 
empirical discussions are based on the project information in 
Kung Tong City Centre in Hong Kong.
This study also considers cases in which the construc-
tion cost is a linear or a quadratic function of the build-
ing height. Accurate estimations of the construction cost 
require information from previous project constructions. 
This model can still be extended to consider the presales 
process for residential units and the volatility of two types 
of construction costs.
In summary, to value a vertical mixed-use project 
more accurately, careful considerations should be given 
to the limitations of the lease and the height premium for 
upper structures. This study has provided a useful concept 
of critical height premium that can be extended to the case 
of a compound option for horizontal developments. The 
comparison between two types of mixed-use development 
can allow the developer to consider the optimal develop-
ment strategy. If the flexibility premium for the horizon-
tal type is large enough, the developer can pay an addi-
tional fee to change the land lease to relieve the building 
constraint if possible. The measure of the critical height 
premium can also explain the developers’ preferences in 
development types in the economic aspect. If the use of 
the rest of the buildings can be changed after some build-
ings have been completed in horizontal developments, the 
critical height premium in vertical developments would 
increase significantly. Meanwhile, strict lease restrictions 
for horizontal developments can promote the construction 
of vertical mixed-use buildings. The increase of the criti-
cal height premium depends on the embedded finite-time 
option value for the further change of use in some build-
ings in horizontal developments. This change requires an 
adjusted Monte Carlo method to value a compound finite-
time American option on multiple assets in the future. 
Hence, further study is recommended to attempt to shed 
light on the application of vertical mixed-use development 
in an efficient urban redevelopment context.
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